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Context: Enrhard and Regnier's Differential linear logic (DiLL) [1, 2] and the synthetic differential
geometry (SDG) of Lawvere and collaborators [3, 4] both provide synthetic-logical accounts of
differentiation. DiLL is motivated primarily by resource analysis in programming, and SDG grew out of
the desire to give an “intrinsic” presentation of calculus and differential geometry in which concepts
like ssnooth manifold and tangent vector are primitives instead of sophisticated derived concepts.
While early accounts of SDG were formulated purely category theoretical in the language of toposes,
the seminal work of Schreiber and Shulman in the last fifteen years [5, 6] — fueled by developments in
higher topos theory [7] and homotopy type theory [8] - led to the emergence of multi-modal type
theories (MMTT), notably cohesive homotopy type theory (CHoTT) [10, 11] and the as of yet largely
putative differential-cohesive homotopy type theory (DCHoTT) [12, 13] which promise to provide
suitable frameworks for a proof theoretic account of SDG which is notably amenable to computer
formalization in proof assistants such as Agda with its recently implemented flat modality [14].

Project: The general theme of the project is to pursue the study of DCHoTT and its models, and to
explore analogies between DiLL and SDG/(D)CHoTT. These analogies start at the proof theoretic level,
with Shulman's CHoTT incorporating split contexts and a promotion-like rule similar to — and inspired
by — Benton’s linear-non-linear logic [15], and continue on the semantic side where a central role is
played by Taylor expansions both in DiLL [16] and SDG. A middle ground in comparing models of DiLL
and models of DCHoTT is provided by cartesian differential categories [17, 18], but the relationship
remains subtle. As a further step of clarification, we propose to investigate constructions of models of
(D)CHOTT from models of DiLL, adapting ideas from algebraic geometry: extrapolating a point of view
promoted by Mellies [19], we want to view the category of I-coalgebras of a model of linear logic as a
category of affine schemes, which under suitable conditions (to be identified!) can be endowed with a
notion of étale map and a Grothendieck topology by adapting technigques of Toén [20] and Lurie [21].
The linear structure is then reflected in the induced sheaf topos by a notion of vector bundle, and we
expect there to be a well behaved ‘tangent space’ operation whenever the starting model of linear
logic is differential. Besides a possible reconstruction of classical models of SDG [22], this approach
provides a path to new models of SDG/DCHoTT based on recent work on 2-categorical models of DiLL
[23].

As a possible parallel research avenue, the student could pursue a computer formalization project,
which can serve as a means to familiarize them with the type-theoretic expression of fundamental
concepts in differential geometry, and could also lead to a conference paper.

Relevance: The proposed research project lies at the intersection of cutting-edge areas in logic and
theoretical computer science, which are also core research fields of the LoCal team at LIPN. Through
the supervisors' international networks, the student will be integrated into a dynamic research
community, which provides excellent opportunities for a future academic career.
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